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COHERENT STATE QUANTIZATION OF QUATERNIONS
B. MURALEETHARAN†, K. THIRULOGASANTHAR‡
Abstract. Parallel to the quantization of the complex plane, using the canonical
coherent states of a right quaternionic Hilbert space, quaternion field of quaternionic
quantum mechanics is quantized. Associated upper symbols, lower symbols and related
quantities are analyzed. Quaternionic version of the harmonic oscillator and Weyl-
Heisenberg algebra are also obtained.
1. Introduction
Quantization is commonly understood as the transition from classical to quantum
mechanics. One may also say, to a certain extent, quantization relates to a larger dis-
cipline than just restricting to specific domains of physics. In physics, quantization is
a procedure that associates with an algebra Acl of classical observables an algebra Aq
of quantum observables. The algebra Acl is usually realized as a commutative Poisson
algebra of derivable functions on a symplectic (or phase) space X. The algebra Aq is,
however, non-commutative in general and the quantization procedure must provide a
correspondence Acl 7→ Aq : f 7→ Af . Most physical quantum theories may be ob-
tained as the result of a canonical quantization procedure. However, among the various
quantization procedures available in the literature, the coherent state quantization (CS
quantization) appear quite arbitrary because the only structure that a space X must
possess is a measure. Once a family of CS or frame labeled by a measure space X is
given one can quantize the measure space X. Various quantization schemes and their
advantages and drawbacks are discussed in detail, for example, in [3, 14, 21, 2].
Due to the non commutativity of quaternions, quaternionic Hilbert spaces are formed
by right or left multiplication of vectors by quaternionic scalars; the two different con-
ventions give isomorphic versions of the theory. Quaternions can always be represented,
through symplectic component functions, as a pair of complex numbers and thereby
quaternions possess a symplectic structure. However, quaternionic quantum mechan-
ics is inequivalent to complex quantum mechanics. In analogy with complex quantum
mechanics, states of quaternionic quantum mechanics are described by vectors of a sep-
arable quaternionic Hilbert space and observables in quaternionic quantum mechanics
are represented by quaternion linear and self-adjoint operators [1].
The CS quantization in the complex quantum mechanics is a well-known and well-
studied problem. Using the method of CS quantization, various phase spaces such as
complex field, complex unit disc, circle in complex plane, and cylindrical phase spaces
, to name a few, have been quantized [2, 5, 14, 15, 10]. However, quantization of the
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quaternion field has not been studied yet. In this regard, parallel to the (CS) quanti-
zation of the complex field, in this note, we present CS quantization of the quaternion
field using CS of a right quaternionic Hilbert space, compute upper and lower symbols,
and study the matrix elements. The quaternionic version of the harmonic oscillator and
Weyl-Heisenberg algebra are also obtained. Since the properties of operators from com-
plex Hilbert spaces do not directly translate to the operators on quaternionic Hilbert
spaces [16], we shall investigate quaternionic operator properties associated with the
quantization as needed.
The rest of the paper is organized as follows. In section 2 we present mathematical
preliminaries as required for the development of the article. In fact section 2 deals with
some properties of quaternion, a measure on quaternion, definition of quaternion slices
and quaternion Hilbert spaces. CS on a right quaternion Hilbert space is presented in
section 3. Section 4 deals with the well-known general scheme of CS quantization. Using
the CS developed in section 3 we CS quantize the field of quaternions in section 5 where
we also study the associated upper symbols, lower symbols, a Hamiltonian structure
and oscillator algebra. Further, we realize the upper symbols as differential operators
in terms of the so-called Cullen derivatives. In section 6, as illustrative examples, we
present quantization map with one and two indexed quaternionic Hermite polynomials.
Section 7 ends the manuscript with a conclusion.
2. Mathematical preliminaries
In order to make the paper self-contained, we recall few facts about quaternions which
may not be well-known. In particular, we revisit the 2×2 complex matrix representations
of quaternions, quaternionic Hilbert spaces as needed here. For details we refer the reader
to [1, 16, 26, 27].
2.1. Quaternions. Let H denote the field of quaternions. Its elements are of the form
q = x0+x1i+x2j+x3k where x0, x1, x2 and x3 are real numbers, and i, j, k are imaginary
units such that i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j. The
quaternionic conjugate of q is defined to be q = x0 − x1i − x2j − x3k. We shall find it
convenient to use the representation of quaternions by 2× 2 complex matrices:
(2.1) q = x0σ0 + ix · σ,
with x0 ∈ R, x = (x1, x2, x3) ∈ R3, σ0 = I2, the 2 × 2 identity matrix, and σ =
(σ1,−σ2, σ3), where the σℓ, ℓ = 1, 2, 3 are the usual Pauli matrices. The quaternionic
imaginary units are identified as, i =
√−1σ1, j = −
√−1σ2, k =
√−1σ3. Thus,
(2.2) q =
(
x0 + ix3 −x2 + ix1
x2 + ix1 x0 − ix3
)
and q = q† (matrix adjoint) . Introducing the polar coordinates:
x0 = r cos θ,
x1 = r sin θ sinφ cosψ,
x2 = r sin θ sinφ sinψ,
x3 = r sin θ cosφ,
where (r, φ, θ, ψ) ∈ [0,∞)× [0, π] × [0, 2π)2, we may write
(2.3) q = A(r)eiθσ(n̂),
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where
(2.4) A(r) = rσ0
and
(2.5) σ(n̂) =
(
cosφ sinφeiψ
sinφe−iψ − cosφ
)
.
The matrices A(r) and σ(n̂) satisfy the conditions,
(2.6) A(r) = A(r)†, σ(n̂)2 = σ0, σ(n̂)† = σ(n̂)
and [A(r), σ(n̂)] = 0. Note that a real norm on H is defined by
|q|2 := qq = r2σ0 = (x20 + x21 + x22 + x23)σ0.
A typical measure on H may take the form
(2.7) dς(r, θ, φ, ψ) = dτ(r) dθ dΩ(φ,ψ)
with dΩ(φ,ψ) =
1
4π
sinφdφdψ. Note also that for p,q ∈ H, we have pq = q p,
pq 6= qp, qq = qq, and real numbers commute with quaternions. In defining the
position and momentum operators, we shall also need the sliced version of quaternions.
We borrow the materials as needed here from [17]. Let
(2.8) S = {q = x1i+ x2j + x3k | x1, x2, x3 ∈ R, x21 + x22 + x23 = 1},
we call it a quaternion sphere.
Proposition 2.1. [17] For any non-real quaternion q ∈ H r R, there exist, and are
unique, x, y ∈ R with y > 0, and I ∈ S such that q = x+ yI.
Definition 2.2. (Slice [17]) For every quaternion I ∈ S, the complex line LI = R+ IR
passing through the origin, and containing 1 and I, is called a quaternion slice.
From the definition we can see that
(2.9) H =
⋃
I∈S
LI and
⋂
I∈S
LI = R.
One can also easily see that LI ⊂ H is commutative, while, elements from two different
quaternion slices, LI and LJ (for I, J ∈ S with I 6= J), do not necessarily commute.
2.2. Quaternionic Hilbert spaces. In this subsection we define left and right quater-
nionic Hilbert spaces. For details we refer the reader to [1]. We also define the Hilbert
space of square integrable functions on quaternions based on [26, 19].
2.2.1. Right Quaternionic Hilbert Space. Let V RH be a linear vector space under right
multiplication by quaternionic scalars (again H standing for the field of quaternions).
For f, g, h ∈ V RH and q ∈ H, the inner product
〈· | ·〉 : V RH × V RH −→ H
satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real norm
(iii) 〈f | g + h〉 = 〈f | g〉+ 〈f | h〉
(iv) 〈f | gq〉 = 〈f | g〉q
(v) 〈fq | g〉 = q〈f | g〉
4 B. MURALEETHARAN†, K. THIRULOGASANTHAR‡
where q stands for the quaternionic conjugate. We assume that the space V RH is complete
under the norm given above. Then, together with 〈· | ·〉 this defines a right quaternionic
Hilbert space, which we shall assume to be separable. Quaternionic Hilbert spaces share
most of the standard properties of complex Hilbert spaces. In particular, the Cauchy-
Schwartz inequality holds on quaternionic Hilbert spaces as well as the Riesz represen-
tation theorem for their duals. Thus, the Dirac bra-ket notation can be adapted to
quaternionic Hilbert spaces:
| fq〉 =| f〉q, 〈fq |= q〈f | ,
for a right quaternionic Hilbert space, with |f〉 denoting the vector f and 〈f | its dual
vector. Let OR be an operator on a right quaternionic Hilbert space. The scalar multiple
of OR should be written as qOR and the action must take the form
(2.10) (qOR) | f〉 = (OR | f〉)q.
The adjoint O†R of OR is defined as
(2.11) 〈g | ORf〉 = 〈O†Rg | f〉; for all f, g ∈ V RH .
2.2.2. Left Quaternionic Hilbert Space. Let V LH be a linear vector space under left mul-
tiplication by quaternionic scalars. For f, g, h ∈ V LH and q ∈ H, the inner product
〈· | ·〉 : V LH × V LH −→ H
satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real norm
(iii) 〈f | g + h〉 = 〈f | g〉+ 〈f | h〉
(iv) 〈qf | g〉 = q〈f | g〉
(v) 〈f | qg〉 = 〈f | g〉q
Again, we shall assume that the space V LH together with 〈· | ·〉 is a separable Hilbert
space. Also,
(2.12) | qf〉 =| f〉q, 〈qf |= q〈f | .
Note that, because of our convention for inner products, for a left quaternionic Hilbert
space, the bra vector 〈f | is to be identified with the vector itself, while the ket vector
| f〉 is to be identified with its dual. Note also that there is a natural left multiplication
by quaternionic scalars on the dual of a right quaternionic Hilbert space and a similar
right multiplication on the dual of a left quaternionic Hilbert space.
Separable quaternionic Hilbert spaces admit countable orthonormal bases. Let V RH be
a right quaternionic Hilbert space and let {ev}Nν=0 (N could be finite or infinite) be an
orthonormal basis for it. Then, 〈eν | eµ〉 = δνµ and any vector f ∈ V RH has the expansion
f =
∑
ν eνfν , with fν = 〈eν | f〉 ∈ H. Using such a basis, it is possible to introduce a
multiplication from the left on V RH by elements of H. Indeed, for f ∈ V RH and q ∈ H we
define,
(2.13) qf =
∑
ν
eν(qfν).
Further, 〈qf | g〉 = 〈f | qg〉 (see [25]). The field of quaternions H itself can be turned
into a left quaternionic Hilbert space by defining the inner product 〈q | q′〉 = qq′† = qq′
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or into a right quaternionic Hilbert space with 〈q | q′〉 = q†q′ = qq′. Further note that,
due to the non-commutativity of quaternions the sum
(2.14)
∞∑
m=0
pmqm
m!
6=
∞∑
m=0
(pq)m
m!
,
thereby it cannot be written as exp(pq). However, in any Hilbert space the norm con-
vergence implies the convergence of the series and
∞∑
m=0
∣∣∣∣pmqmm!
∣∣∣∣ ≤
∞∑
m=0
|p|m|q|m
m!
=
∞∑
m=0
(|p||q|)m
m!
= e|p||q|.
Thus the series (2.14) converges and, wherever needed, we call it E(p,q).
2.2.3. Quaternionic Hilbert Spaces of Square Integrable Functions. Let (X,µ) be a mea-
sure space and H the field of quaternions, then{
f : X → H
∣∣∣∣
∫
X
|f(x)|2dµ(x) <∞
}
is a right quaternionic Hilbert space which is denoted by L2H(X,µ), with the (right)
scalar product
(2.15) 〈f | g〉 =
∫
X
f(x)g(x)dµ(x),
where f(x) is the quaternionic conjugate of f(x), and (right) scalar multiplication fa, a ∈
H, with (fa)(q) = f(q)a (see [19, 26] for details). Similarly, one could define a left
quaternionic Hilbert space of square integrable functions.
3. Coherent states on right quaternion Hilbert spaces
The main content of this section is extracted from [23] as needed here. For an enhanced
explanation we refer the reader to [23]. In [23] the authors have defined coherent states
on V RH and V
L
H , and also established the normalization and resolution of the identities
for each of them. We briefly revisit the coherent states of V RH and the normalization and
resolution of the identity. Let {| fm〉}∞m=0 be an orthonormal basis of V RH . For q ∈ V RH ,
the coherent states are defined as vectors in V RH in the form of
(3.1) | q〉 = N (| q |)− 12
∞∑
m=0
| fm〉 q
m√
ρ(m)
,
where N (| q |) is the normalization factor and {ρ(m)}∞m=0 is a positive sequence of real
numbers. Using conditions (2.6), we can determine the normalization factor N (| q |),
and the resolution of the identity. In order for the norm of | q〉 to be finite, we must
have
(3.2) 〈q | q〉 = N (| q |)−1
∞∑
m=0
r2m
ρ(m)
<∞.
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Therefore, if the positive sequence {ρ(m)}∞m=0 of real numbers converges to ℓ > 0, then
we are required to restrict the domain to
(3.3) D = [0,
√
ℓ )× [0, π] × [0, 2π)2
so that the convergence of the above series is guaranteed. The typical measure (2.7) is
an appropriate one on the domain D too. By requiring 〈q | q〉 = 1, the normalization
factor is obtained as
(3.4) N (| q |) =
∞∑
m=0
r2m
ρ(m)
.
Using the measure dς(r, θ, φ, ψ) one can obtain the following operator valued integral on
the domain D of (3.3):
(3.5)
∫
D
| q〉〈q | dς(r, θ, φ, ψ) =
∞∑
m=0
2π
ρ(m)
∫ √ℓ
0
r2m
N (| q |) | fm〉〈fm | dτ(r),
and in obtaining it we have used the identity
(3.6)
∫ 2π
0
∫ π
0
∫ 2π
0
ei(m−l)θσ(nˆ) sinφdφdθ dϕ = 2πδmlI2,
where δml is the Kronecker delta. The resolution of the identity,
(3.7)
∫
D
| q〉〈q | dς(r, θ, φ, ψ) = IV R
H
,
where IV R
H
is the identity operator on V RH , is obtained if there is a measure to satisfy the
moment problem,
(3.8)
2π
ρ(m)
∫ √ℓ
0
r2m
N (| q |)dτ(r)I2 = I2.
If the measure dτ(r) is chosen such that
(3.9) dτ(r) =
N (| q |)
2π
λ(r)dr,
then there exists an auxiliary density λ(r) to solve (3.8), that is, we get
(3.10)
∫ √ℓ
0
r2mλ(r)drI2 = ρ(m)I2.
Particularly, if ρ(m) = m!, then the normalization factor N (| q |) = e|q|2 and ℓ = ∞.
The resolution of the identity can be established for (3.1) with λ(r) = 2re−r2 . In this
case D = H and the CS are called right quaternionic canonical coherent states. For the
purpose of quantizing the quaternions we shall use this canonical set of CS.
4. Coherent state quantization: General scheme
Let (X,µ) be a measure space and L2(X,µ) be given by{
f : X → C |
∫
X
|f(x)|2dµ(x) <∞
}
.
The Berezin-Toeplitz or anti-Wick or coherent state quantization, as used by various
authors in the literature, associates a classical observable that is a function f(x) on X
to an operator valued integral. We continue with the general procedure described in [14]
QUANTIZATION OF QUATERNIONS 7
and applied, for example, in [10, 15, 5].
Choose a countable orthonormal family
O = {φn | n = 0, 1, 2 · · · }
in L2(X,µ), that is
(4.1) 〈φn|φm〉 =
∫
X
φn(x)φm(x)dµ(x) = δmn,
and assume that
(4.2) 0 <
∞∑
n=0
|φn(x)|2 := N (x) <∞ a.e.
holds. Let H be a separable complex Hilbert space with orthonormal basis {|en〉 | n =
0, 1, 2 · · · } in 1-1 correspondence with O. In particular H can be taken as H = spanO
in L2(X,µ), where the bar stands for the closure. Then the family FH = {|x〉 | x ∈ X}
with
(4.3) |x〉 = N (x)− 12
∞∑
n=0
φn(x)|en〉 ∈ H
forms a set of coherent states(CS). From (4.1) and (4.2) we have
〈x|x〉 = 1(4.4) ∫
X
N (x)|x〉〈x|dµ(x) = IH,(4.5)
where IH is the identity operator on H. We call the set FH a set of CS only for satisfying
the normalization and a resolution of the identity. Equation (4.5) allows us to implement
CS or frame quantization of the set of parameters X by associating a function
X ∋ x 7→ f(x)
that satisfies appropriate conditions with the following operator in H
(4.6) f(x) 7→ Af =
∫
X
N (x)f(x)|x〉〈x|dµ(x).
The matrix elements of Af with respect to the basis {|en〉} are given by
(Af )mn = 〈em|Af |en〉
=
∫
X
f(x)φm(x)φn(x)dµ(x).
The operator Af is
(a) symmetric if f(x) is real valued.
(b) bounded if f(x) is bounded.
(c) self-adjoint if f(x) is real semi-bounded (through Friedrich’s extension).
In order to view the upper symbol f of Af as a quantizable object (with respect to the
family FH) a reasonable requirement is that the so-called lower symbol of Af defined as
fˇ(x) = 〈x|Af |x〉
=
∫
X
N (x′)f(x′)|〈x|x′〉|2dµ(x′)
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be a smooth function on X with respect to some topology assigned to the set X. As-
sociating to the classical observable f(x) the mean value 〈x|Af |x〉 one can also get the
so-called Berezin transform B[f ] with B[f ](x) = 〈x|Af |x〉, for example, see [20] for
details.
5. Quantization of the quaternions
In this section we shall adapt the general procedure outlined in the above section to
quaternions. Since (H, dς(r, θ, φ, ψ)) is a measure space, the set{
f : H → H |
∫
H
|f(q)|2dς(r, θ, φ, ψ) <∞
}
is a space of right quaternionic square integrable functions and is denoted by L2H(H, dς(r, θ, φ, ψ)).
Define the sequence of functions {φn}∞n=0 such that
φn : H −→ H
by
(5.1) φn(q) =
qn√
n!
, for all q ∈ H.
Then φn ∈ L2H(H, dς(r, θ, φ, ψ)), for all n = 0, 1, 2 · · · and from (3.6) 〈φm | φn〉 = δmn
(see [23]). That is,
O = {φn | n = 0, 1, 2 · · · }
is an orthonormal set in L2H(H, dς(r, θ, φ, ψ)). The right quaternionic span of O is the
space of anti-right-regular functions [22] (the counterpart of complex anti-holomorphic
functions). Let H be a separable right quaternionic Hilbert space with an orthonormal
basis
E = { | en〉 | n = 0, 1, 2 · · · }
which is in 1− 1 correspondence with O. Then the coherent states (3.1) become
(5.2) | γq〉 = e−|q|2/2
∞∑
m=0
| em〉φm(q).
Using the set of CS (5.2) we shall establish the coherent state quantization on H by
associating a function
H ∋ q 7−→ f(q,q).
Now let us define the operator on H by
(5.3) f(q,q) 7→ Af ,
where Af is given by the operator valued integral
(5.4) Af =
∫
H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ).
Now
Af =
∫
H
| γq〉f(q,q)〈γq | dς(r, θ, φ, ψ)
=
∞∑
m=0
∞∑
l=0
| em〉Jm,l〈el |√
m! l!
;
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where the integral Jm,l is given by∫∫∫∫
[0,∞)×[0,π]×[0,2π)2
qmf(q,q)ql
er2
dς(r, θ, φ, ψ).
By direct calculation we have that if f(q,q) = q, then
(5.5) Aq =
∞∑
m=0
√
(m+ 1) | em〉〈em+1 |
and if f(q,q) = q, then
(5.6) Aq =
∞∑
m=0
√
(m+ 1) | em+1〉〈em | .
Moreover if f(q,q) = 1, then A1 = IH. It should be mentioned that, since the operator
Af is a quaternionic operator, the usual properties of its complex counterpart may not
hold. In this regard, each property used must be validated. First let |f〉, |g〉 ∈ H. Since
H is a right Hilbert space, there are scalars {αl}, {βj} in H such that
|f〉 =
∞∑
l=0
|el〉αl and |g〉 =
∞∑
j=0
|ej〉βj .
With these it can be seen that
〈Aqg | f〉 = 〈g | Aqf〉 =
∞∑
m=0
βmαm+1
√
m+ 1.
That is,
〈Aqg | f〉 = 〈g | Aqf〉; for all |f〉, |g〉 ∈ H.
Hence Aq is the adjoint of Aq and vice-versa. Now Af is an operator from H to H, and
if H = spanO (right linear span over H), then it is a subspace of L2H(H, dς(r, θ, φ, ψ)).
That is,
Af : H −→ H by Af (u) = Af | u〉,
for all u ∈ H. Hence, Af (u) will be determined by the integral∫
H
| γq〉f(q,q)〈γq | u〉dς(r, θ, φ, ψ).
Moreover, for each u ∈ H, Af | u〉 ∈ H. For |u〉, |v〉 ∈ H, it can also be considered as a
function
Af : H× H −→ H by Af (u, v) = 〈u | Af | v〉.
Thereby, Af (u, v) will be determined by the quaternion valued integral∫
H
〈u | γq〉f(q,q)〈γq | v〉dς(r, θ, φ, ψ).
Since | γq〉 is a column vector and 〈γq | is a row vector, we can see that the operator Af
is a matrix and the matrix elements with respect to the basis {| en〉} are given by
(Af )mn = 〈em | Af | en〉.
That is, (Af )mn is determined by the integral∫
H
〈em | γq〉f(q,q)〈γq | en〉dς(r, θ, φ, ψ).
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We have
〈em | γq〉 = N (| q |)−
1
2 φm(q)
and
〈γq | en〉 = 〈en | γq〉 = N (| q |)−
1
2 φn(q).
Therefore
(Af )mn =
∫
H
N (| q |)−1φm(q)f(q,q)φn(q).dς(r, θ, φ, ψ).
Hence, it can easily be seen that
(Aq)k,l = 〈ek|Aq|el〉 =
{ √
k + 1 if l = k + 1
0 if l 6= k + 1,
(Aq)k,l = 〈ek|Aq|el〉 =
{ √
k if l = k − 1
0 if l 6= k − 1.
Let us realize the operator Af as annihilation and creation operators. From (5.5) and
(5.6) we have Aq | e0〉 = 0 ,
Aq | em〉 =
√
m | em−1〉 ; m = 1, 2, · · ·
and
Aq | em〉 =
√
m+ 1 | em+1〉 ; m = 0, 1, 2, · · ·
That is, Aq, Aq are annihilation and creation operators respectively. Moreover, one can
easily see that Aq | γq〉 =| γq〉q, which is in complete analogy with the action of the
annihilation operator on the ordinary harmonic oscillator CS and the result obtained in
[23]. We can also write
| en〉 = (Aq)
n
√
n!
| e0〉.
Further, real numbers commute with quaternions. Therefore according to (2.10), for
example, we have
(qAq)
2 | e0〉 = (qAq)(qAq)|e0〉 = (qAq)|e1〉
√
1q = |e2〉
√
2
√
1 q2 = |e2〉
√
2! q2.
Accordingly,
| γq〉 = e−|q|2/2eqAq |e0〉.
For quaternionic exponentials we refer the reader to [12] (pp 204). Now a direct calcu-
lation shows that
AqAq =
∞∑
m=0
(m+ 1) | em〉〈em |
and
AqAq =
∞∑
m=0
(m+ 1) | em+1〉〈em+1 | .
Therefore the commutator of Aq, Aq takes the form
[Aq, Aq] = AqAq −AqAq
=
∞∑
m=0
| em〉〈em |= IH.
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Remark 5.1. The operator Af in (5.4) is formed by the vector | γq〉f(q,q), which is the
right scalar multiple of the vector | γq〉 by the scalar f(q,q), and the dual vector 〈γq |.
Instead if one takes
(5.7) Af =
∫
H
f(q,q) | γq〉〈γq | dς(r, θ, φ, ψ),
then it is formed by f(q,q) | γq〉 (a left scalar multiple of a right Hilbert space vector) and
the dual vector 〈γq |, which is unconventional . Further, due to the non-commutativity
of quaternions, an Af in the form (5.7) would have caused severe technical problems in
the follow up computations.
5.1. Number, position and momentum operators and Hamiltonian. Let N =
AqAq, then we have
N | ek〉 = AqAq | ek〉
=
∞∑
m=0
| em+1〉〈em+1 | ek〉(m+ 1)
= | ek〉k.
Thereby N acts as the number operator and the Hilbert space H is the quaternionic
Fock space (for quaternion Fock spaces see [4]). As an analogue of the usual harmonic
oscillator Hamiltonian, if we take Hh = N + IH, then Hh | en〉 =| en〉(n + 1), which
is a Hamiltonian in the right quaternionic Hilbert space H with spectrum (n + 1) and
eigenvector | en〉.
Following the complex formalism (see remark (5.2)), for q ∈ H if we take q = 1√
2
(q+
q), then we can have a self-adjoint position operator as
Q =
1√
2
(Aq +Aq).
Now let us turn our attention to the momentum operator. In the case of the momentum
operator, the complex formalism does not transfer to quaternions. In the case of quater-
nions we have three imaginary units, i, j and k, and if we try to duplicate the complex
momentum coordinate with one of i, j or k, that is, if we take
p =
−i√
2
(q− q),
then the operator P becomes
P =
−i√
2
(Aq −Aq)
and due to the non-commutativity of quaternions P is not self-adjoint (see remark 5.3).
Further, a simple calculation shows that, the analogue of the complex operator Hc in
remark (5.2) is Hh =
1
2(q
2 + p2) 6= |q|2. However, the lower symbol of N is 〈γq | N |
γq〉 = |q|2 and through a rather lengthy calculation we can see that A|q|2 = N + IH.
In fact, according to [1], there is no quaternion self-adjoint momentum operator that
has all the properties of the momentum expected by analogy with the momentum oper-
ator in complex quantum mechanics. For various attempts and their drawbacks one can
see [1] (pages 52-64). However, if we restrict ourselves to a quaternion slice, then we can
have self-adjoint position and momentum operators with all the expected properties of
12 B. MURALEETHARAN†, K. THIRULOGASANTHAR‡
their complex counterparts. In order to exhibit this, let us see the structure of CS on a
slice.
• Since elements in a quaternion slice commute, a quaternion slice is isomorphic to
the complex plane. That is, for each I ∈ S, LI is isomorphic to C.
• While we are on a slice, LI , the set of CS is formed with elements from the slice
LI and the CS belongs to the right quaternionic Hilbert space over the field LI
and we denote this Hilbert space by HLI .
• Let qI ∈ LI , qI = reIθ; r > 0, 0 ≤ θ < 2π, then the normalization factor of the
CS, over the slice LI , is given by N (qI) = e|qI |2 and a resolution of the identity
is obtained with the measure dµI(r, θ) =
1
2π re
−r2drdθ.
Even though a quaternion slice is isomorphic to C, for the sake of completeness, while
we are on a slice, let us demonstrate few facts. For qI ∈ LI , let us define the position
and momentum coordinates by
qI =
1√
2
(qI + qI) and pI =
−I√
2
(qI − qI),
then, since commutativity holds among I,q and q, the Hamiltonian can be calculated
as
HI =
1
2
(
q2I + p
2
I
)
= |qI |2.
Recall that on a right quaternionic Hilbert space operators are multiplied on the left by
quaternion scalars. From the position and momentum coordinates, using linearity, we
get the position operator, QI , and the momentum operator, PI , as
QI =
1√
2
(
AqI +AqI
)
and PI =
−I√
2
(
AqI −AqI
)
.
Since (AqI )
† = AqI and (−I)† = I, the operators PI and QI are self-adjoint. Using the
fact (2.10) we can see that AqI (IAqI ) = IAqIAqI . With the aid of this we get
QIPI = = −1
2
I [AqI
2 +AqIAqI −AqAqI −AqI 2]
and
PIQI = = −1
2
I [AqI
2 −AqIAqI +AqIAqI −AqI 2].
Thereby we have the commutator
[QI , PI ] = QIPI − PIQI = I [AqI , AqI ] = IIHLI .
We also have
Q2I =
1
2
[AqI
2 +AqIAqI +AqIAqI +AqI
2] and
P 2I = −
1
2
[AqI
2 −AqIAqI −AqIAqI +AqI 2]
Hence
HˆI =
Q2I + P
2
I
2
=
1
2
[AqIAqI +AqIAqI ] = AqIAqI +
1
2
[AqIAqI −AqIAqI ] = NI +
1
2
IHLI
,
which is in complete analogy with the complex case in the sense of canonical quantization,
which simply replaces the classical coordinates by quantum observables (corresponding
self-adjoint operators).
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Remark 5.2. In the complex quantum mechanics, for the canonical CS | z〉, z ∈ C, the
lower symbol or the expectation value of the number operator, 〈z|N |z〉, is precisely |z|2.
The position and momentum coordinates are q = 1√
2
(z + z) and p = −i√
2
(z − z) and by
linearity one infers that the position and momentum operators as Q = 1√
2
(Az +Az) and
P = −i√
2
(Az − Az). The CS quantized classical harmonic oscillator, Hc = 12(q2 + p2), is
AHc = A|z|2 = N + IHc , where IHc is the identity operator of the complex Fock space Hc.
The operators Q and P satisfy the commutation rule [Q,P ] = iIHc and are self-adjoint.
If one simply takes the canonical quantization of the classical Hamiltonian it becomes
Hˆc =
1
2(Q
2 + P 2) = N + 12IHc . For details we refer the reader to [10, 14].
Remark 5.3. For a complex scalar α ∈ C and an operator T in a complex Hilbert space,
the adjoint of the scalar multiple, αT , is taken as (αT )† = αT †. However, in general, this
is not true for a non-real quaternionic scalar multiple of an operator on a quaternionic
Hilbert space. The following simple example validates this claim.
Example 5.4. The quaternion field H with the inner product 〈p|q〉 = pq; p,q ∈ H,
is a right quaternionic Hilbert space. Then by (2.10) the identity operator, I, on H is
self-adjoint. For a fixed α ∈ H \ R, if (αI)† = α I†, then, keeping (2.11) in mind, for
p,q ∈ H, we have
〈p|(αI)(q)〉 = 〈p|I(q)α〉 = 〈p|qα〉 = pqα
and
〈(αI)†(p)|q〉 = 〈(αI†)(p)|q〉 = 〈(αI)(p)|q〉 = 〈I(p)α|q〉 = 〈pα|q〉 = pαq = α pq.
In particular, for example, if α = i+ 2j, q = j, p = k, then we get
〈p|(αI)(q)〉 = 1− 2k and 〈(αI)†(p)|q〉 = 1 + 2k.
Therefore (αI)† 6= αI†.
In general, following the steps of the above example we can easily see that if T is
an operator on a right quaternionic Hilbert space V RH and α ∈ H \ R, then to hold
(αT )† = αT † we need
α〈g|T (f)〉 = 〈g|T (f)〉α; f, g ∈ V RH ,
which is not necessarily true in quaternions. That is, the commutativity of the field on
which the Hilbert space is formed guarantees the property (αT )† = αT † as α belongs to
the same field. Since real numbers commute with quaternions, if T is an operator on a
quaternionic Hilbert space, then for α ∈ R, we have (αT )† = αT †, see [16].
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5.2. Oscillator algebra. From now on we are back to the general situation, that is, we
are not on a slice anymore. Therefore, as before a simple calculation shows that
NAq =
∞∑
m=0
m
√
m+ 1 | em〉〈em+1 |,
AqN =
∞∑
m=0
(m+ 1)
√
m+ 1 | em〉〈em+1 |,
NAq =
∞∑
m=0
(m+ 1)
√
m+ 1 | em+1〉〈em |,
AqN =
∞∑
m=0
m
√
m+ 1 | em+1〉〈em | .
Thereby we get
[N,Aq] = NAq −AqN = −Aq, [N,Aq] = NAq −AqN = Aq,
and we already have [Aq, Aq] = A1 = IH. That is, the right quaternionic operators
A1, Aq, Aq and N satisfy the Weyl-Heisenberg commutation relations, and therefore
these operators together with their commutators form the quaternionic version of the
Weyl-Heisenberg algebra.
5.3. Upper symbols as differential operators. Recall the sets E = {|em〉 | m =
0, 1, 2, · · · } and O = {φm | m = 0, 1, 2, · · · }, where φm is as in (5.1). Let F = {φm | m =
0, 1, 2, · · · }. The sets E ,O and F are in 1-1 correspondence to each other and E is the basis
of H. If one replaces the Hilbert space H by the Hilbert space of right regular functions
Hreg = spanF or by the Hilbert space of right anti-regular functions Ha−reg = spanO,
where span means right linear span over H, then the actions of the operators Aq and Aq
on the basis sets O and F take the form
Aqφm =
√
mφm−1,
Aqφm =
√
m+ 1φm+1, and
Aqφm =
√
m φm−1,
Aqφm =
√
m+ 1 φm+1.
Therefore, on the space Ha−reg the operator Aq = ∂∂q and Aq is multiplication by q , and
similarly, on the space Hreg the operator Aq =
∂
∂q and Aq is multiplication by q, where
the quaternionic derivatives are right Cullen derivatives (again in complete analogy with
the complex case). For details on Cullen derivatives we refer the reader to [17, 18] and for
application of Cullen derivatives on quaternionic CS we refer to [22]. Also note that the
spaces Hreg and Ha−reg are the quaternionic analogue of the Bargmann space of analytic
functions and the Bargmann space of anti-analytic functions respectively [22, 4].
5.4. Overlap of the CS and lower symbols. The overlap of two CS is required to
compute the lower symbols. Let q,p ∈ H, then the overlap of the CS becomes
〈γq | γp〉 = 1√N (|q|)N (|p|)
∞∑
m=0
1
m!
qmpm.
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That is,
(5.8) 〈γq | γp〉 = e−(|q|2+|p|2)/2E(q,p).
Now the lower symbol of Af can be computed as
f˜ = 〈γp | Af | γp〉
=
∫
H
〈γp | γq〉f(q,q)〈γq | γp〉dς(r, θ, φ, ψ)
=
∫
H
Φ(p,q)dς(r, θ, φ, ψ);
where
Φ(p,q) = e−(|q|
2+|p|2)E(p,q)f(q,q)E(q,p).
6. Quantization with quaternionic Hermite polynomials
In this section we present, as illustrative examples, two quantization maps with the
quaternionic Hermite polynomials Hn(q) and Hn,m(q,q). In [22] these polynomials
and associated CS are discussed in detail. Using the complex counterparts, Hn(z) and
Hn,m(z, z), of these polynomials a non-commutative plane and the complex plane were
quantized in [15], [10] respectively. By combining the results of [15], [10] and [22] we can
easily obtain quantization maps and associated results for the quaternion case.
6.1. Quantization map with Hn(q). In [15] using the complex Hermite polynomials
(6.1) Hn(z) = n!
[n/2]∑
m=0
(−1)n(2z)n−2m
m!(n− 2m)! ; z ∈ C
the authors have quantized a non-commutative plane. Let 0 < s < 1 and z = x + iy.
The polynomials Hn(z) form an orthogonal set with respect to the measure
dνs(z) = dνs(x, y) = exp[−(1− s)x2 − (1
s
− 1)y2]dxdy
and the normalization factor is
bn(s) =
π
√
s
1− s
(
2
1 + s
1− s
)n
n!.
Take the normalized polynomials hn,s(z) = bn(s)
−1/2Hn(z), then the corresponding re-
producing kernel required to the construction of CS is
Ks(z, z) =
∑
n
hn,s(z)hn,s(z) =
1− s2
2πs
exp
[
1− s
2
x2 +
s2 − 3s+ 2
2s
y2
]
.
If {|em〉}∞m=0 is an orthonormal basis for a complex Hilbert space HC, then a set of CS
associated with Hn(z) can be written as
|z, s〉 = Ks(z, z)−
1
2
∞∑
m=0
hn,s(z)|em〉 ∈ HC.
The corresponding quantization map takes the form
f(z) 7→ Af =
∫
C
dνs(z)Ks(z, z)f(z)|z, s〉〈z, s|.
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Let q ∈ H. Then q can be written as
(6.2) q = uqdiag(z, z)u
†
q
with uq ∈ SU(2), z ∈ C.
Let dω(uq) be the normalized Harr measure on SU(2). In [22] using the expression (6.2)
the authors have obtained the quaternionic Hermite polynomials Hn(q) which has the
same expression as (6.1) with z replaced by q. The polynomials Hn(q) form an orthog-
onal set with respect to the measure dη(q) = dνs(z)dω(uq) with the same normalization
constants bn(s). The corresponding reproducing kernel required to the construction of
CS is Ks(q,q) = Ks(z, z)I2. The normalized polynomials are H
s
n(q) = bn(s)
−1/2Hn(q).
Let {|φn〉}∞m=0 be an orthonormal basis for a V RH . The set of vectors
|ηn,s〉 = Ks(q,q)−
1
2
∞∑
m=0
|φm〉Hsm(q) ∈ V RH
forms a set of CS. The corresponding quantization map is
(6.3) Af =
∫
H
|ηq,s〉f(q,q)〈ηq,s|Ks(q,q)dη(q).
From (6.3), using the computations of Az, Az and their commutators in [15], one can
easily obtain Aq, Aq and their commutators. These computations will be parallel to the
proof of the Theorem 4.1 in [22].
6.2. Quantization map with Hn,m(q,q). The two indexed complex Hermite polyno-
mials are given by
hn,m(z, z) = (−1)n+me|z|2
(
∂
∂z
)n( ∂
∂z
)m
e−|z|
2
.
These polynomials form an orthogonal system with respect to the measure dν(z) =
1
πe
−|z|2d2z and the normalization constant is n!m!. In [22] using the same technique
of the polynomials Hn(q) the authors defined the quaternionic polynomials Hn,m(q,q).
These polynomials form an orthogonal system with respect to the measure dτ(q) =
dν(q)dω(uq) with the normalization constants n!m!. The normalized polynomials are
hn,m(q,q) = Hn,m(q,q)/
√
n!m!. The reproducing kernel required for the construction
of CS is
Kn(q,q) =
∞∑
m=0
hn,m(q,q)hn,m(q,q) = e
|q|2
I2.
The convergence and a closed form for this kernel follows from its complex counterpart
(see pp.405 of [13] and the proof of lemma 4.2 of [22]). Let {|φm〉}∞m=0 be an orthonormal
basis for a V RH . A set of CS associated with the polynomials takes the form
(6.4) |ηq,n〉 = Kn(q,q)− 12
∞∑
m=0
|φm〉hn,m(q,q) ∈ V RH .
The corresponding quantization map is
(6.5) Af =
∫
H
|ηq,n〉f(q,q)〈ηq,n|Kn(q,q)dτ(q).
In [10], when n ≥ m and m ≥ 0, by writing hn,m(z, z) as hn+s,s(z, z) the authors
have obtained a set of CS similar to the set of CS (6.4) and used it to quantize the
complex plane. Using the results of [10] and the quantization map (6.5) we can obtain
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the operators Aq, Aq and their commutators. Once again such calculations will be similar
to the proof of the Theorem 4.4 in [22].
7. Conclusion
There were several attempts to define holomorphy for functions of quaternion variables
with polynomials as holomorphic functions, for a brief history we refer the reader to [6].
The most promising and recent definition for holomorphy has appeared in [17], where
the authors demonstrated the polynomials of a quaternion variable as a holomorphic
(in quaternion language, regular) functions with the aid of the so-called Cullen deriva-
tives. Reference [1] is a treatise on quaternionic quantum mechanics, which describe
the theory with real derivatives by considering a function in a quaternion variable q as
f(q) = f0(x0) + f1(x1)i+ f2(x2)j + f3(x3)k; (x0, x1, x2, x3) ∈ R4 (a quaternion operator
is also defined in the same way), where the non-commutativity still play a part. In this
note, we have viewed the quantization of quaternions, through quaternionic CS, without
considering their real components. In so doing, we have demonstrated the annihilation
and creation operators in terms of Cullen derivatives.
As expected, the operators Aq and Aq act as annihilation and creation operators re-
spectively. The matrix representations of these operators are also similar to the complex
case. In complete analogy with the complex harmonic oscillator, the quaternionic version
of the harmonic oscillator and Weyl-Heisenberg algebra are obtained. Even though the
non-commutativity of quaternions caused technical difficulties, in most part, the quanti-
zation procedure of quaternions followed its complex counterpart (except the momentum
operator).
A proper definition of quaternionic derivative (the so-called Cullen derivative) [6], quater-
nionic holomorphy, quaternionic Fock space [4] and the so-called S-spectrum of a quater-
nionic operator [7, 8, 9] have been developed very recently (one may also consult the
review article [16] and the references therein). In this respect, understanding a quater-
nionic Hamiltonian, as a quaternionic Hermitian operator, is in its early stage.
However, some progress has been made. For example, in [24] the quaternionic canonical
CS were interpreted as CS of a Jaynes-Cummings model when the CS were considered
as vectors in the state Hilbert space of the Jaynes-Cummings operator. In [24] the au-
thors have also studied some physical properties of the model using these CS. The state
Hilbert space of the Jaynes-Cummings model consists vectors of the form
(
ψ+n
ψ−n
)
. If
{|φn〉}∞n=0 is a basis for a complex Hilbert space of functions (for example a L2 space, or
some space where the conjugate make sense) then it is not difficult to see that( |φn〉 0
0 |φn〉
)
; n = 0, 1, 2, · · ·
is a basis for some function space V RH . Hence, the state Hilbert space of the Jaynes-
Cummings model can be identified with V RH (with a Hilbert space isomorphism). In
this regard, the quantization presented in this note may be applied to Jaynes-Cummings
models.
There is also a purpose to emphasize quaternionic violations of complex quantum me-
chanics which could be tested in laboratory experiments. The recent progress and interest
in looking for quantitative and qualitative differences between complex and quaternionic
quantum mechanics may also have an impact in our interest. For these lines of arguments
see [11] and the many references therein.
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The quantization procedure plays an important role in complex quantum mechanics.
The quantization presented in this manuscript is likely to play a role in quaternionic
quantum mechanics.
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